We relate the existence of Noether global conserved currents associated with locally variational field equations to existence of global solutions for a local variational problem generating global equations. Both can be characterized as the vanishing of certain cohomology classes.
Introduction
As well known, Chern and Simons proved that real cohomology classes arise in the total space of a principal fibered bundle and depend on a connection in that bundle. We provide, for general field theories on bundles, a (variationally featured) analogue of Chern characteristic classes on principal bundles [15, 16] .
We obtain a general statement (Theorem 1) saying that if a variational problem admits global critical sections then all conservation laws derived from symmetries of the field equations admit global conserved quantities. This result relays on the relation between globality of conserved currents associated with invariance of (locally) variational field equations and certain cohomology classes defined by the dynamical forms themselves and their symmetries; such classes are isomorphic to certain de Rham cohomology classes of the space of fields. We relate such classes to cohomology classes of the basis manifold of the theory by pull-back via global sections. If one of such sections defines a non vanishing cohomology class, then there is no global critical section in its homotopy class (Corollary 1). This is strictly based on the 'modulo contact' structure of the calculus of variations on fibered manifolds.
In particular, we prove that in the case of a (closed) 3-dimensional ChernSimons gauge theory, the cohomological obstruction to the existence of global solutions is sharp and equivalent to the usual obstruction in terms of the Chern characteristic class for the flatness of a principal connection (Theorem 2).
Chern-Simons field theories have been used, in particular, as a model for classical and quantum gravitational fields [22] . In general, just to mention a few, applications range from classical field theory to quantization of Chern-Simons gauge theory of gravity and string theory. Considering gravity as a gauge theory in all odd dimensions and particularly in dimension three, where the field equations reproduce Einstein field equations, a ChernSimons Lagrangian can be considered (instead of the Hilbert-Einstein Lagrangian) in which the gauge potential is a linear combination of a frame and a spin connection; in particular, (2 + 1) gravity with a negative cosmological constant can be formulated as a Chern-Simons theory (see, e.g. [48, 49] , as well as [13, 14] for higher dimensional Chern-Simons gravity). Developing a 3-dimensional Chern-Simons theory as a possible and simpler model to analyse (2 + 1) gravity brought in particular results concerned with thermodynamics of higher dimensional black holes [2] , which in turn produced a renewed interest in Chern-Simons theories and, consequently, in the problem of gauge symmetries and gauge charges for Chern-Simons theories [5, 6, 7, 8, 9, 22, 30, 31, 37] .
In general, from a variational point of view, by adding a Chern-Simons term to the Lagrangian [22] , it appears that 'topological contents' are added to the theory and this has of course many potential concrete applications in both classical and quantum theories. Beside theoretical field theory, ChernSimons terms were proposed also to describe topological aspects involved in statistical mechanics of polymers [24, 25] . Other approaches in higher dimensions are so-called Lie algebras expansion methods: in [23] gravity as a Chern-Simons action for the AdS algebra in five dimensions is modified through an expansion of the Lie algebra.
Higher dimensional Chern-Simons terms or Chern-Simons type modifications (also called 'transgressions') appear in a variety of physical theories, e.g. in sigma-model anomaly in brane theory and supergravity. In particular the globality of solutions of equations of motion is physically relevant under several aspects. In a recent paper it was proved that, under certain conditions, for certain classes of metrics, adding Chern-Simons Lagrangian terms does not changes solutions of field equations [5] ; whereby 'the related question of whether the effects of gravitational Chern-Simons terms are of topological nature or not' was mentioned as a 'far from obvious question'.
It is therefore especially important to investigate how the topological nature of the field bundles themselves could be affected.
In order to study the coupling of a theory with Chern-Simons terms from a topological point of view it is convenient to have at hand cohomology classes defining obstructions analogous to characteristic classes but deriving from the structure of the theory itself as a variational theory. Indeed, to some extent, most of the statements in [15] have a variational analogue which descends from the interplay of Noether Theorems [36] and variational cohomology.
Since Noether seminal paper, it appeared clear that field equations coming from a variational problem could be completely described by symmetries of the corresponding Lagrangian and associated conservation laws. In particular, from the beginning of the past century globality of field equations has been assumed as a basic requirement for a physical theory to make sense. From a foundational point of view it is also quite important that also fields (i.e. solutions of field equations) be well defined intrinsic objects and globally defined. Sheaf theory and cohomology are indeed the right mathematical tools to deal with such problems.
We restrict our considerations to global field equations which are (locally) variational, this means that, at least locally, they can be derived variationally from a Lagrangian, which is then defined on an open set of the relevant field space. In particular, local Lagrangians differ by a local variationally trivial Lagrangian (a local divergence). Specifically, Chern-Simons gauge theories are of this type.
Noether already pointed out the cohomological content of the invariance of the Euler-Lagrange expressions and dealt with the study of the relationship between currents associated with symmetries of global Lagrangians and of corresponding Euler-Lagrange expressions; an aspect further specified by Bessel-Hagen [3] . It is now of a certain importance (for the study of cohomological obstructions to the existence of global solutions) that, for local presentations of a variational problem, the corresponding conserved currents are, in principle, local currents, see e.g. [28, 29, 30, 37] . However, symmetries of such local Lagrangians are also symmetries of the associated global Euler-Lagrange equations. Thus locally defined canonical Noether currents are associated with global symmetries of global field equations. A somehow apparently paradoxical feature! We also recall that, in general, not all symmetries of the Euler-Lagrange equations are also symmetries of the corresponding variational problem, and therefore not all of them generate Noether currents [12] . At a first glance, these features could appear as subtleties, however, we shall see that they are fundamental to distinguish what can be provided with a physical meaning.
There exists a cohomological obstruction for Noether-Bessel-Hagen local currents be globalized [28, 30] and we prove that this is also an obstruction to the existence of global critical sections.
It is important to stress that Noether-Bessel-Hagen currents are defined as the difference between canonical Noether currents -originating from the invariance of a Lagrangian -and Bessel-Hagen currents -originating from invariance of equations, see below; we stress that the interplay of these two invariances (and of their independent locality/globality characters) is the object of this research and not simply the study of Bessel-Hagen, also-called generalized or 'modulo divergence' Lagrangian symmetries.
In the case of a purely gauge Chern-Simons theory in dimension three, we find that such a variational obstruction is sharp i.e. it is equivalent to the usual obstruction given by the first Chern characteristic class. The proof of this equivalence is an original result and did not appear before in the literature.
From local to global in the calculus of variations
To investigate obstructions for local variational objects to be globalized, we shall use a modern geometric formulation of the calculus of variations as a subsequence of the de Rham sequence of differential forms on finite order prolongations of fibered manifolds (in most applications in theoretical physics these are chosen to be gauge(-natural) bundles). Let us shortly summarize the geometric frame. Lepage for first showed that within the multiple integrals formulation of the calculus of variations, which is at the basis of classical formulation of field theory, a Lagrangian could be obtained as a differential form modulo a suitable contact structure (i.e. in his words through a congruence [35] ). This fundamental idea lead to geometric constructions known as variational complexes (for a review and several references, see e.g. [33, 34, 37] ) which are in fact the contemporary formulations enabling to go from local to global in the calculus of variations. The main point already in nuce in the work by Lepage is that the cohomology of a variational sequence is isomorphic to the de Rham cohomology of the field space. We shall then consider variational forms, i.e. equivalence classes of differential forms modulo a certain contact structure. We geometrize field and field equations by means of jets (equivalence classes of maps between the manifold of 'space' coordinate and the manifold of 'fields' having the same Taylor expansion up to a certain order r). Such objects can be geometrized by a r-jet bundle. The 'dynamical' content of equations is therefore completely encoded by the contact structure related to the natural projection from any order r to the immediately subsequent order r − 1.
We assume the r-th order prolongation of a fibered manifold π : Y → X, with dim X = n and dim Y = n + m, to be the configuration space; this means that fields are assumed to be (local) sections of π r : J r Y → X. Due to the affine bundle structure of π
, which induces natural splittings in horizontal and vertical parts of vector fields, forms and of the exterior differential on J r Y . Starting from this splitting one can define sheaves of contact forms Θ * r defined by the kernel of the horizontalization.
The local generators of the contact ideal are well known pfaffian 1-forms defining higher order partial derivatives, and their differentials. The sheaves Θ * r form an exact subsequence of the de Rham sequence on J r Y and one can define the quotient sequence {0 → IR Y → Λ * r /Θ * r , E * }, called the r-th order variational sequence on Y → X, which is an acyclic sheaf resolution of the constant sheaf IR Y ; see [32] . In fact, the cohomology of the complex of global sections H * V S (Y ) is naturally isomorphic to both theČech cohomology and the de Rham cohomology H * dR (Y ) [32] . Thus if the cohomology of Y is trivial, of course each local inverse problem is also global.
The quotient sheaves in the variational sequence can be represented as sheaves V k r of k-forms on jet spaces of higher order, see e.g. [32, 37] . Lagrangians are sheaf sections λ ∈ V n r , while E n is called the Euler-Lagrange morphism; the latter is thus characterized as a quotient morphism of the exterior differential morphism of the de Rham complex; rooting in the foundamental E. Cartan's work [10] and stemming from Lepage's seminal papers, this idea has been formulated by Dedecker [17, 18, 19, 20] in the language of sheaves and then developed in different aspects by various authors, see e.g. [1, 4, 21, 32, 34, 43, 44, 45, 42, 46] .
The Euler-Lagrange equations are therefore given by E n (λ) • j 2r+1 σ = 0 for (local) sections σ : X → Y . Sections η ∈ V n+1 r are called source forms or also dynamical forms, while E n+1 is called the Helmholtz morphism.
In the case of a nontrivial cohomology of Y , given a closed section of a quotient sheaf of the variational sequence, one look at the problem as to when this section is also globally exact.
To answer to this question, let K p r .
= Ker E p ; we have a natural short exact sequence of sheaves which gives rise in a standard way to a long exact sequence inČech cohomology, where the connecting homomorphism, in this case given by
p , is the mapping of cohomologies in the corresponding diagram of cochain complexes (here d is the usual coboundary operator).
Every global section η ∈ E p (V p r ), i.e. locally variational, defines a cohomol- 
A fundamental cohomology class associated with field equations
We shall explicate now how cohomology enters in globality problems concerned with conserved quantities. We shall examine this aspect within Noether formalism [36] . Factorizing modulo contact structures is the basic idea underlying the definition of a variational Lie derivative operator L jrΞ and of a quotient Cartan formula (a variation formula) defined on the sheaves of the variational sequence. This enable us to define symmetries of classes of forms of any degree in the variational sequence and corresponding conservation theorems; see [12, 37] for details.
The Cartan formula for the variational Lie derivative of closed classes of forms (exterior differential forms modulo the contact structure induced by affine projections π r+1 r projections) selects a quite important class defined by both the vertical part of the symmetry and the Euler-Lagrange class.
In fact we have that δ p (L Ξ η λ ) = 0, i.e. the variational Lie derivative 'trivializes' cohomology classes. By the way, although a fact not in the core of the present paper, it is remarkable that, if the first variational derivative of a local presentation is closed, therefore the second variational derivative define a trivial cohomology class. In fact, the first variational derivative -with respect to symmetries of Euler-Lagrange expressions -of a local presentation is closed; as a consequence a trivial cohomology class is defined by the variational derivative of 'strong' Noether currents [28, 29] .
Let then now η λ denotes a global Euler-Lagrange morphism for a local variational problem λ i (in the following a subscript 'i' indicates that we are dealing with a local object defined on a open set U i in a good covering); if ǫ i denotes a local canonical Noether current, for a projectable vector field Ξ,
Since we assume η λ to be closed, the quotient Cartan formula reduces to
we have the obstruction δ n−1 (Ξ V ⌋η λ ) = 0, so that the current ν i is a local object (conserved along the solutions of Euler-Lagrange equations i.e. critical sections). On the other hand, and independently (see [36, 3] ), for a symmetry of η but not of λ, we get locally
Definition 1 We call the (local) current ǫ i − β i a Noether-Bessel-Hagen current.
Remark 1 It is important to stress that a Noether-Bessel-Hagen current is the difference between the canonical Noether current -originating from the invariance of a Lagrangian -and the Bessel-Hagen current -originating from invariance of equations. In general, one should realize that the obstruction to the globality of the single type of current is given by different and, in principle, indipendent cohomolgy classes.
Proposition 1 A local Noether-Bessel-Hagen current can be globalized if and only if
Here ≃ denotes the natural isomorphism between cohomologies.
Note also that, in general, a Noether-Bessel-Hagen current differs from the local potential of the 'work' term, here ν i , by a closed form and that it is conserved 'on shell'.
A cohomological obstruction to the existence of (global) critical sections
In the present section we study the cohomology class [Ξ V ⌋η] more closely. It turns out to be not only the obstruction to the existence of global conserved quantities, but also an obstruction to the existence of global critical sections. We start with proving in full detail a result shortly announced in [30] and an important consequence of it. Consequently, β vanishes along the (jet prolongation of) a critical section σ, since the vanishing of Ξ V ⌋η defines critical sections and α and dγ vanish along all sections, α and γ being contact forms. We can then conclude that jσ
But by the very definition of (jet prolongation of a) section we know that jσ * induces an inverse isomorphism to π * in the nth cohomology group, i.e.
Remark 2 For practical purposes, the condition H The question 'How sharp is this obstruction?' poses itself immediately. Now, Euler-Lagrange equations are essentially a set of partial differential equations and for partial differential equations even the existence of local solutions is a non trivial problem. So, one would think that topological obstructions will hardly be particularly important. However, we will show in the next section, as a first test case, that the obstruction is sharp for 3D Chern-Simons theory. This is an original result and does not seem to have been studied before.
The case of 3D Chern-Simons gauge theory
Classical 3-dimensional Chern-Simons theory is a classical field theory for principal connections on an arbitrary principal bundle P over a 3-dimensional manifold X. It is well known that the equations can be written F A = 0 (F A the curvature of the connection A); Since we are in dimension 3, the existence of solutions to these equations, i.e flat connections, corresponds to the vanishing of the cohomology class [trF A ] ('first Chern class'); recall that this cohomology class is independent of the connection A. To simplify our presentation somewhat, we will consider only principal bundles P with group U(1) or C * in the following. This leads essentially to no loss of generality, since we can pass from any principal bundle P ' to a U(1)− or C * −principal bundle with the same 'first Chern class' by 'taking the determinant' in a suitable way.
To apply our result, we have to formulate Chern-Simons theory in terms of the bundle of connections: the bundle of connections is defined as
this bundle π C : C → X is an affine bundle modeled on the vector bundle T * X → X and, thus, T C ∼ π * C (T * X ⊕ T X), where π * C (T * X) corresponds to the vertical part. Note also that H n dR (C) ∼ π * (H n dR (X)) as required in the previous section.
The principal connections on P are in one to one correspondence with the (global) sections of the bundle π C : C → X in the following sense: the contact structure of J 1 P defines a connection on the principal bundle J 1 P → C (its curvature is given by F = dA j ∧ dx j for structure groups U(1) or C * and fibered coordinates (x j , A j ) on C) and this connection is universal in the sense that every principal connection on P → X is 'induced' by it via a section σ : X → C, in particular F σ = σ * F . To prove the sharpness of the obstruction we will need below the following rather curious observation.
Proposition 2 For every differential from γ on X there is a vertical vector field Ξ on C such that π Proof. Let γ be a differential from on X with coordinate expression γ = f i dx i and let Ξ be the vertical vector field on C for which Ξ = f i δ A i in coordinates. The proposition follows then at once from the above expression for F . The global existence of such a Ξ is a consequence of the fact, that π C : C → X is an affine bundle and the vertical part of its tangent bundle can be identified with π * C (T * X). In particular, every vertical vector field corresponds to a horizontal form.
Chern-Simons theory can be formulated as a variational theory on J 1 C starting from Chern-Weil theory and using the construction of secondary characteristic classes by Chern and Simons. Dealing with the pure gauge theory, it is advantageous to lift the dynamical form of the problem to the de Rham complex: the pullback from C to J 1 C of the second Chern form Ω 2 (F ) = F ∧ F projects onto the Chern-Simons dynamical form η CS in the variational sequence. Thus, a section σ of C → X is critical if and only if
for all vector fields Ξ on J 1 C. The form Ξ⌋(π 
If, conversely, there are no global critical sections, we have [F ] = 0 and the same holds, by Chern-Weil theory, for every pullback σ * F with a section σ : X → C, i.e. a principal connection on P → X. On closed manifolds, exists then, by Poincaré duality, a closed cohomologically non trivial 1-form γ such that γ∧σ * F and π * C (γ)∧F are cohomologically non trivial. By the above proposition there is a vertical vector field Ξ such that π * C (γ) = Ξ⌋F and, thus,
This concludes the proof.
For non compact manifolds there is no Poincaré duality and the result is, of course, no longer true. However, if the model can be extended onto a 'suitable' compactification the result can still be applied. 'Suitable' means that all mathematical objects representing physical quantities can be extended (e.g. a metric with signature + − − can be extended from
. Physically, such a compactification can be interpreted as the requirement that all physical data be finite.
Conclusions and perspective
Under certain (not much restrictive) conditions, we have shown that if a variational problem admits (global) critical sections then all conservation laws derived from symmetries of the field equations admit global conserved quantities. Furthermore, we have identified an obstruction to the existence of global solutions for the variational problem defined by a given dynamical form. In particular, we have shown that there is no (global) critical section in the homotopy class of each global section defining a non vanishing cohomology class.
In the case of a purely gauge Chern-Simons theory in dimension three, we have found that our variational obstruction is sharp i.e. it is equivalent to the usual obstruction given by the first Chern characteristic class.
The natural continuation is now to study our variational cohomology class [Ξ V ⌋η] in higher dimensional Chern-Simons theories [47] . These theories are used for describing the quantum Hall effect and the conditions under which they admit global solutions seem not to be stated in the literature.
Chern-Simons terms in theories of topological gravity proposed in the existing wide literature appear quite different among them, all of them sharing the characteristic of being some kind of 'transgression' for some kind of 'curvature', the underlying geometric structure (principal bundle structure) remaining sometimes unexploited; the gauge-natural nature of prolongations of principal connections remaining aside [26, 27] . It seems of interest in those cases, depending on the effective choice of the form of Chern-Simons terms, to investigate the obstruction for the existence of global critical sections (i.e. of global Noether-Bessel-Hagen currents).
In order to obtain new global Noether-Bessel-Hagen currents, additional (local) transgression terms indeed should be always chosen in such a way that there exist global critical sections for the whole variational problem. From this point of view, according to [5] , it is relevant to understand if and how solutions of equations of motions are affected by adding such terms. Of course, the vanishing of added dynamical terms (some kind of 'curvature') along solutions grants that the corresponding obstruction to globality of conserved quantities vanishes. This is e.g. the case of the Cotton tensor in topologically massive gauge theories which vanishes along Einstein solutions. The variational obstruction, of course, obviously vanishes if the 'curvature' terms added to the equations of motions are identically vanishing (i.e. along any sections). The latter two cases are sufficient, but not necessary conditions for possible local modifications of the original Lagrangian to generate global currents associated with the modified (anyway global) equations. The necessary condition is ultimately given by the vanishing of the cohomology class defined by the closed form obtained by contracting the dynamical form with symmetry generators. Such a condition is satisfied when this contraction is globally exact. Of course there are classes of theories satisfying it (e.g. all gauge-natural theories, canonically, along the kernel of the Jacobi morphism [39] ).
Indeed, the rôle of the Chern-Simons theory is well recognized in many aspects of physics and natural sciences whenever a symmetry group is underlying, and a principal bundle structure can be recognized as fundamental for the definition of infinitesimal transformations of fields. In many cases, symmetry of field equations are not known in advance and have to be determined. Our approach could shed in particular a new light also on zero-curvature type approaches to integrable systems, and, in a more abstract context, on the integrable towers formulation of nonlinear systems, see e.g. [38, 41] . In fact, the obstruction defined by the contraction of the dynamical form with generators should determine either the significant additional terms, as mentioned before, or, which is the case in the latter models, once fixed the form of the added term, the meaningful symmetry transformations.
The vanishing of this 'variational cohomology class' itself could be interpreted somehow as a flatness condition for an underlying principal bundle structure for any variational problem on general bundles. This aspect is currently under investigation and will be the subject of a separated paper.
As a final remark, it should also be stressed that Jacobi forms [39, 40] (related to linearized equations of motion) contracted with generators of symmetries define in general a different cohomology class, so that the cohomology class defined by the contraction of η could be trivial, but not the one defined by the contraction of the variation of η.
